Abstract. It has been noticed by many authors that the Schur indices of the irreducible characters of many quasi-simple finite groups are at most 2. A conjecture has emerged that the Schur indices of all irreducible characters of all quasi-simple finite groups are at most 2. We prove that this conjecture cannot be extended to the set of all finite perfect groups. Indeed, we prove that, given any positive integer n, there exist irreducible characters of finite perfect groups of chief length 2 which have Schur index n.
Introduction
The Schur index was introduced by Schur in 1906. If χ is an irreducible character of a finite group G, and F is a field of characteristic zero, the Schur index m F (χ) of χ with respect to F is the smallest positive multiplicity of χ in the character afforded by a G-module over the field F . We refer the reader to any standard character theory text, such as [2] , for the basic properties of the Schur index.
Even though a well-known result of Brauer [1] shows that the Schur indices of irreducible characters of finite groups run through all the positive integers, a number of more recent results have given very small upper bounds for the Schur indices of the irreducible characters of many simple and quasi-simple groups. Thus, in [13] , we give an algorithm to compute the Schur index of each irreducible character of any covering group of any finite alternating group, and obtain that it is 1 or 2 in each case. Similarly, in [14] , we find an algorithm to calculate the Schur index of each irreducible character of the finite special linear groups, and they are all 1 or 2. More general results of Gow [6] and Ohmori [8] , [10] show that, in general, the Schur index of any irreducible character of a finite quasi-simple classical group is always 1 or 2. These ideas, together with the results of Feit and Zuckerman [5] , further imply that every irreducible character of a finite spin group has Schur index at most 2. These results show that the Schur indices for the ordinary covering groups of the classical groups are at most 2. For the exceptional groups of Lie type, Ohmori [9] proves that there exists an upper bound for the Schur indices of the irreducible characters in some cases. Furthermore, Feit [3] , [4] has calculated the Schur indices for the covering groups of the sporadic simple groups, and again he obtains that the Schur indices are always at most 2.
These results (and others) have led some authors to conjecture that the Schur indices of every irreducible character of every covering group of every finite simple group will always be 1 or 2. This conjecture remains open. A more general question has been proposed by P. Schmid [12] , and repeated by U. Riese and P. Schmid [11] . Namely: Is the Schur index of every irreducible character of every finite perfect group always either 1 or 2? A perfect group is, of course, one which does not have any non-trivial abelian quotients.
In this paper, we settle in the negative the question of Schmid and Riese. We prove the following.
Theorem. Given any positive integer n, there exists some finite perfect group G of chief length 2 and some irreducible character χ ∈ Irr(G) such that m Q (χ) = n.
Proof of the Theorem Definition 1. Let G be any finite group, let N be a normal subgroup of G, and let ψ ∈ Irr(N ). We define
The content of the following lemma is included, for example, in [11, Theorem 1]. We include a short proof for the reader's convenience.
Lemma 2. Let G be any finite group, let N be a normal subgroup of G, and let
, then the following hold:
(1) χ ∈ Irr(G). Proof. Since the action of G on Irr(N ) commutes with the action of Gal(Q/Q) on Irr(N ), and this second action is itself commutative, it follows that I * (ψ) is a subgroup of G that contains the inertia group of ψ. Hence, by Clifford Theory, induction provides a one-to-one correspondence between the irreducible characters in Irr(I * (ψ)) whose restriction to N contains ψ and the irreducible characters in Irr(G) whose restriction to N contains ψ. It follows immediately that χ ∈ Irr(G) and that Q(χ) ⊆ Q(θ). Let σ ∈ Gal(Q(θ)/Q(χ)). Any irreducible character in the restriction of θ to N is G-conjugate to ψ, so any irreducible character of the restriction of χ to N is G-conjugate to ψ. It follows, since σχ = χ, that σψ = ψ x for some x ∈ G. Hence, x ∈ I * (ψ). Therefore, σθ ∈ Irr(I * (ψ)) is an irreducible character which induces to χ and whose restriction to N contains ψ. By the uniqueness in Clifford Theory, it follows that σθ = θ. Hence, σ = 1 and Q(θ) = Q(χ). Set K = Q(χ) = Q(θ) and set m 1 and m 2 to be the Schur indices of θ and of χ respectively. We know there will be modules M 1 and M 2 over K affording the character m 1 θ and m 2 χ respectively. Induction shows that there is a module over K affording the character m 1 χ, and it follows that m 1 ≥ m 2 . Restriction shows that there is a module over K for I * (ψ) whose character is such that the multiplicity of θ in it is m 2 . Hence, by definition of Schur index, m 1 ≤ m 2 . Hence, m 1 = m 2 . This concludes the proof of the lemma. Proof. The inertia group of ψ is C, so that θ ∈ Irr(G). The Schur index of θ can be obtained, for example, from [1] .
We are now ready to prove our theorem. We state it slightly more precisely than above. Proof. Since it is easy to find examples of characters of SL(2, p) of Schur index 1 and Schur index 2, we assume n > 2. By Dirichlet's Theorem, we may take a prime p such that 2n
2 |p + 1. Set S = PSL(2, p). Again, by Dirichlet's Theorem, let q > |S| be a prime such that n|q − 1 but (n, (q − 1)/n) = 1. This can be obtained, for example, by taking q to be congruent to n + 1 modulo n 2 . Let N be the Steinberg module for S over F q . It is the submodule of the natural permutation module of S over F q on the subspaces of F Remark 5. The character χ we constructed has degree np(p − 1), and its field of definition is the fixed field in Q(ζ n , ζ q ) of the Galois action that fixes ζ n and sends ζ q to ζ λ q . It is a subfield of index n in Q(ζ n , ζ q ). The choice of the Steinberg module for N is more a convenience, but we had to take some care in choosing the prime p and, especially, the prime q.
